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Figure 1: Illustration of the node-first search strategy. For a fixed number of nodes ¢, the GFlowNet
updates edges within the subnetwork along a trajectory s; o — --- — s; .. When the subnetwork
1s explored, a new node 1s added and the search continues from s;41 ¢ with s; 7, = s;4+1,0. Each
state is a motif and the reward R(s; ;) computed from the simulated kymograph.
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Figure 1: Illustration of the node-first search strategy. For a fixed number of nodes ¢, the GFlowNet
updates edges within the subnetwork along a trajectory s; o — --- — s; .. When the subnetwork
1s explored, a new node 1s added and the search continues from s;41 ¢ with s; 7, = s;4+1,0. Each
state is a motif and the reward R(s; ;) computed from the simulated kymograph.
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Kymograph.
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first” outperforms “edge-first” and random walk on both metrics.
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But How to model GRN really ?



TABLE 1. SUMMARY OF PROPERTIES OF DIFFERENT MODELING FORMALISMS: DIRECTED GRAPHS (DG),
BAYESIAN NETWORKS (BYN), BOOLEAN NETWORKS (BNN), GENERALIZED LoGicAL NETWORKS (GLN),
NONLINEAR DIFFERENTIAL EQUATIONS (NLDE), PIECEWISE-LINEAR DIFFERENTIAL EQuUATIONS (PLDE),

PARTIAL DIFFERENTIAL EQUATIONS (PDE), StocHASTIC MASTER EQUATIONS (SME), AND
RULE-BASE FormALISMS (R)

Static (s), Discrete (d), Deterministic (d), Qualitative (ql), Coarse (c), average (a),
dynamic (d) continuous (c) stochastic (s) quantitative (gn) fine (f) grained

DG S d ql C

BYN s d,c S gn C

BNN d d d ql C

GLN d d d ql a

NLDE d C d qn a,f

PLDE d C d ql,qn® a

QDE d d d ql a,f
SDE? PDE d cP d qn a,f

SME d d S qn f

R d d d ql a,f

4Generalization to dynamic Boolean networks is possible.
bSpatial dimension 1s often discretized.

“Qualitative analysis of models is possible.

H. de Jong, J. Comput. Biol., 9(1), 2002.
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FIG. 9. (a) Example regulatory network of three genes and (b) corresponding piecewise-linear differential equations;
X1, X2, and x3 represent protein or mRNA concentrations, respectively, k1, ..., k4 production constants, yq, ..., V3
degradation constants, and 011, 012, 621, 631, 632 threshold constants.

ODE Model for Somitogenesis

We model m cells with spatiotemporal morphogen gradients provid-
ing positional information: g¢,;(¢) = min(e®?~%* 1) for (1 < j < m).
Each cell 3 follows dynamics that integrate regulatory interactions with
morphogen signaling:

Xj:U(gj°D+MXj+b)—C'Xj
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. ODE Model for Somitogenesis

We model m cells with spatiotemporal morphogen gradients provid-
ing positional information: g;(t) = min(e®?~%% 1) for (1 < j < m).
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TABLE 1. SUMMARY OF PROPERTIES OF DIFFERENT MODELING FORMALISMS: DIRECTED GRrAPHS (DG),
BAYESIAN NETWORKS (BYN), BooLEAN NETWORKS (BNN), GENERALIZED LoGicAL NETWORKS (GLN),
NONLINEAR DIFFERENTIAL EQUATIONS (NLDE), PIECEWISE-LINEAR DIFFERENTIAL EQuUATIONS (PLDE),

PARTIAL DIFFERENTIAL EQUATIONS (PDE), StocHASTIC MASTER EQUATIONS (SME), AND
RULE-BASE ForMALISMS (R)

Static (s), Discrete (d), Deterministic (d), Qualitative (ql), Coarse (c), average (a),
dynamic (d) continuous (c) stochastic () quantitative (gn) fine (f) grained

DG S d ql C

BYN % d,c S qn C

BNN d d d ql C

GLN d d d ql a

NLDE d C d qn a,f

PLDE d C d ql,qn® a

QDE d d d ql a,f
oo PDE d cP d qn a,f

SME d d S qn f

R d d d ql a,f

4Generalization to dynamic Boolean networks is possible.
bSpatial dimension 1s often discretized.

“Qualitative analysis of models is possible.
H. de Jong, J. Comput. Biol., 9(1), 2002.



SDE model
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Figure 1.3: (a) Bistable gene regulatory network comprised of two mutually repressive species
(b) Example molecular trajectory (c) Sampled states over bifurcating process, coloured by
simulation time ¢.
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S. Y. Zhang, MSc Thesis, Univ. Melbourne, 2019.



For brevity, let us write p(x, t|zg,ty) = P|X: = x|zo,tp]. Then, in the interval [t,¢ + dt), an
inflow-outflow argument gives us the chemical master equation:

op(z, t|a: to) -
0, to) Z )p(x — AXj, t|zo,t0) — fi(x)p(x, t|zo,t0)],
1=1

The CME describes the evolution of p(zx, t|zg, o) in t as a set of coupled ODEs, one for each possible
configuration state X = . We can view the CME as assigning some probability density to every
possible trajectory in the finite state space. Because of the discrete setting, the space of possible
configurations is finite but possibly very large. The CME is therefore difficult to solve exactly for
all but the simplest reaction networks, and the typical approach is to resort to sampling. To this
end, Gillespie’s algorithm is a very well known Monte-Carlo sampling scheme for the CME. In
essence, Gillespie |61, Section 2| shows that the evolution of the reaction network can be cast as
a continuous-time random walk on the discrete state space with exponential transitions at state-
dependent rates, from which a straightforward method for exact sampling can be developed. For
the two-species GRN we consider earlier, we show a sample trajectory obtained by the Gillespie
algorithm in Figure 1.3(b).

There is a large literature focusing on continuous approximations of the CME in various limiting
regimes. Perhaps most notably, in the regime of large numbers of molecular species, passing the
system of ODEs to a limit in the state space yields the chemical Langevin equation (CLE) [61]:

M M
dX, = Y AX;f5(X0) dt+ > AX;y/f;(X0) dB.
7=1 j=1

S. Y. Zhang, MSc Thesis, Univ. Melbourne, 2019.



An abstract model The CME and CLE work at the level of individual chemical species in the
cell and so provide a very detailed description of dynamics in a “microscopic” sense. While this
approach is certainly useful when the underlying GRN is known, in our setting we do not assume
specific a priori knowledge on underlying mechanism. Therefore, we abstract ourselves away from
dealing with individual genes and deal with some arbitrary representation of the space of cell states,

X C R%. Motivated by the form of the CLE, cell dynamics in X could plausibly be described by a
general SDE

dXt = ’U(t, Xt) dt + O'(t, Xt) dBt

This framework, however, is too general for the inference framework we plan to develop, and we
need two further assumptions which ensure identifiability and make the model tractable. (1) We
assume that the noise level o is constant, i.e. we have additive noise. Multiplicative noise, while
more realistic, is difficult to deal with mathematically and leads to subtleties in the behaviour of
an SDE system. (2) We require that the drift v is the gradient of a potential, i.e. v =—VW. These
assumptions were identified in [147] and are also discussed at length in Chapters 3 and 4.

Thus, the model of abstract cell dynamics that we deal with in this thesis is

SDE dX; = —VU¥(t, X;)dt + o dB;. (1.1.2)

While the assumption of a potential may seem to be quite restrictive, it corresponds to the concept of
an “epigenetic potential” in developmental processes first put forward by Conrad H. Waddington in
the 1950s [145], and commonly used thereafter as a metaphor for describing cellular differentiation.

S. Y. Zhang, MSc Thesis, Univ. Melbourne, 2019.



Waddington’s epigenetic landscape Waddington [145] illustrated differentiating cells as
marbles rolling down a potential landscape, moving from some initial region of “high developmental
potential” and settling in potential wells with “low developmental potential”. One can therefore
think of the developmental potential as some notion of cell developmental potency. Figure 1.4
shows a conceptual illustration of such a potential landscape.
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Figure 1.4: The author’s impression of “Waddington’s epigenetic landscape”.
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SSA vs ODE: Noise decreases with molecule number
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Gillespie SSA (k=1, y=0.2, K=1, n=9)

(b) Gillespie SSA: Molecular Trajectory

(c) State Space (colored by time)
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